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Abstract
Let G be a compact Lie group and H be a p-toral subgroup of G. In this paper, we give a necessary
and sufficient condition for a summand originating BHp̂ to be a summand of BGp̂ and also give
the corresponding multiplicity for the compact Lie group G which is not even p-Roquette.
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0. Introduction
Let G be a compact Lie group. C.N. Lee [14] studied the stable splitting of BG
completed at p into a wedge sum of indecomposable spectra. Especially, when G is a
p-Roquette compact Lie group, he reduced the stable splitting of BGp̂ to the study of
irreducible modular representation of certain finite groups I(Q) for various p-toral Q⊆G
where I(Q) is closely related to the outer automorphism group of Q. This is possible since
one can give a more explicit description of all the induced self maps on Fp-homology for a
large class of compact Lie groups which is called p-Roquette. A compact Lie group is said
to be p-toral if it is an extension of a torus by a finite p-group. A compact Lie group is said
to be p-Roquette if its p-toral subgroup is Roquette. In particular, every compact Lie group
is p-Roquette if p is odd. We [15] gave an explicit description of all the induced self maps
on Fp-homology for a general p-toral compact Lie group which is not Roquette. With this
tool, we can make progress in the stable splitting of BGp̂ of the compact Lie group G
which is not even p-Roquette. This implies we study the stable splitting of BGp̂ of the
compact Lie group G which is not generally 2-Roquette for the case p = 2 in this paper.
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The organization of the paper is as follows. In Section 1, we give the basic materials on
stable splitting and a primitive idempotent decomposition. In Section 2, we give a necessary
and sufficient condition for a summand originating in BHp̂ to be a summand of BGp̂ .
We also define a matrix whose rank is equal to its multiplicity in BGp̂ . These results
generalize the results in papers [14,16].
By convention, all homomorphisms between compact Lie groups are assumed to be
continuous.
1. Preliminaries
Let R be a ring. Two idempotents e1 and e2 in R are orthogonal if e1e2 = e2e1 = 0.
An idempotent e ∈ R is said to be primitive if e cannot be written as a sum of the two
orthogonal idempotents. Let X be a CW spectrum. We denote {X,X} to be the ring
of homotopy classes of self maps of X. For any element f ∈ {X,X}, define fX to be
holim→{X f→X f→·· · f→X f→ ·· ·}. X is said to be indecomposable if X is not homotopy
equivalent to X1 ∨ X2 where X1 	= ∗ and X2 	= ∗. For an idempotent e ∈ {X,X}, eX
is indecomposable if and only if e is primitive. Suppose X is homotopy equivalent to
a finite wedge sum of spectra Xi , then we have an idempotent decomposition of 1 in
{X,X}: 1 = e1 + e2 + · · · + en where {ei} are pairwise orthogonal idempotents in {X,X}
such that eiX Xi .
We consider the ring homomorphism
φ : {X,X}→HomFp
(
H ∗(X,Fp),H ∗(X,Fp)
)
induced from taking reduced homology with Fp-coefficient. Let H(X) denote the image
of this ring homomorphism.
Let G be a compact Lie group. Recall the fact that a compact Lie group is said to be
p-toral if it is an extension of a torus by a finite p-group. If P is a p-toral subgroup of G,
then BGp̂ is a stable summand of BPp̂ by a transfer argument. Therefore any summand
of BGp̂ is a summand of BPp̂ .
Write M(G)=H(BGp̂ ) and let T (G) denote the two sided ideal of M(G) generated
by elements of the form
H ∗(BG,Fp)
α−→H ∗
(
BG′,Fp
) β−→H ∗(BG,Fp)
where G′ is a p-toral proper subgroup of G and α, β are induced from stable maps.
Definition. A primitive idempotent e ∈M(G) is said to be dominant if the image of e in
M(G)/T (G)≡ E(G) is nonzero.
Definition. An indecomposable summand Yi of BGp̂ is said to be original if Yi is not a
summand of BG′p̂ for any p-toral proper subgroup G′ of G.
Remark. Original summands are also known as dominant summands [16].
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The relation between the two definitions is given by:
Proposition 1.1 [14]. Let e be a dominant primitive idempotent in M(G). Suppose e˜ is
a primitive idempotent in {BGp̂ ,BGp̂ } such that e˜∗ = e, then e˜BGp̂ is an original
summand of BGp̂ . Conversely, if Z = e˜BGp̂ is an original summand of BGp̂ for some
primitive idempotent e˜ in {BGp̂ ,BGp̂ }, then e˜∗ is dominant.
The following Henn’s result shows that H(BGp̂ ) is finite.
Theorem 1.2 [11]. Let Y1, Y2 be connected CW complexes such that both H ∗(Y1,Fp) and
H ∗(Y2,Fp) are finitely generated as graded rings. Then the ring
HomA
(
H
∗
(Y2,Fp),H
∗
(Y1,Fp)
)
is finite, whereA is the mod p Steenrod algebra and HomA( , ) denotesA-module maps.
Corollary 1.3 [14]. Let Y1, Y2 be connected CW complexes such that bothH ∗(Y1,Fp) and
H
∗
(Y2,Fp) are finitely generated as graded rings. Then the image of the homomorphism{
Y1p̂ , Y2p̂
}→HomFp(H ∗(Y1,Fp),H ∗(Y2,Fp))
is finite. Hence H(Yp̂ ) is finite if Y = Y1 = Y2.
The following is the homological approximation result of Feshbach.
Proposition 1.4 [10]. Consider a p-toral compact Lie group G with extension 1→ T →
G→W → 1 where T is a torus and W is a finite p-group. Then
(i) There exists a nested sequence {Fi} of finite p-subgroups of G with Fi/(Fi ∩ T )∼=W and ⋃(Fi ∩ T )= {x ∈ T | x has finite order a power of p} = T∞.
(ii) We have isomorphisms
lim→ H∗(BFi,Fp)
∼=−→H∗(BG∞,Fp)
∼=−→H∗(BG,Fp)
induced from inclusions, where G∞ =⋃Fi .
(iii) If H ⊂G is a subgroup such that H ∩ T = T∞ and H/(H ∩ T )≡W , then H is
conjugate to G∞ in G.
We say G∞ is an approximation to G in the sense that the natural map G∞ → G
induces an Fp-equivalence BG∞  BG. G∞ is said to be p-discrete toral group if it
is an extension of a p-discrete torus T∞(∼= (Z/p∞)r ) by a finite p-group.
We give the explicit description of all the induced self-maps on Fp-homology.
Proposition 1.5 [15]. Suppose G and K are p-toral compact Lie groups. Then any
element in the image of
{
BGp̂ ,BKp̂
}→HomFp(H ∗(BG,Fp),H ∗(BK,Fp))
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is a Fp-linear combination of elements of the form
H ∗(BG,Fp)
tr′∗−→H ∗(BH∞,Fp) Bφ∗−→H ∗(BK,Fp)
where H∞ is a p-discrete toral subgroup of G∞ and φ :H∞→K a homomorphism.
Corollary 1.6 [15]. Let G be a p-toral compact Lie group. Then T (G) is generated over
Fp by elements of the form
H ∗(BG,Fp)
tr′∗−→H ∗(BH∞,Fp) Bφ∗−→H ∗(BG,Fp)
where H∞ is a p-discrete toral subgroup of G∞ and φ :H∞→G a homomorphism.
The existence and uniqueness of primitive idempotent decomposition in {X,X} is now
provided by the following classical result in ring theory.
Theorem 1.7 [8,13]. Let R be a right artinian ring. Then
(i) Every idempotent is a sum of pairwise orthogonal primitive idempotents; in
particular there exists a primitive idempotent decomposition of 1 in R:
1= e1 + e2 + · · · + en.
(ii) If 1 =∑m1 fj another primitive idempotent decomposition in R, then m = n and
there exists a unit in R such that u−1eiu = fφ(i) for all i where φ is some
permutation of {1, . . . , n}.
(iii) Suppose e, f ∈ R are idempotents. eR is isomorphic to fR as right R-modules if
and only if there exists a unit u ∈ R such that u−1eu= f . In this case e and f are
said to be conjugates in R.
(iv) Fix some ej . The number of primitive idempotents among {ei} which are conjugates
to ej is equal to the dimension of the irreducible right R-module ejR/ej RadR
over its field of endomorphisms End(ejR/ej RadR) where RadR denotes the rad-
ical of R.
Theorem 1.8 [14]. Let Y be a connected CW complex such that H ∗(Y,Fp) is finitely
generated as a graded ring. Then
(i) Yp̂ is stably homotopy equivalent to a finite wedge sum of indecomposable spectra
Yi which is unique up to homotopy equivalence and ordering.
(ii) Suppose e, f ∈ {Yp̂ , Yp̂ } are primitive idempotents. eYp̂  fYp̂ if and only if e∗
is a conjugate of f∗ in H(Yp̂ ).
(iii) Suppose 1 = e1 + · · · + en is a primitive idempotent decomposition in {Yp̂ , Yp̂ }.
For a fixed ej = e, the number of primitive idempotents among {ei} such that
eYp̂  eiYp̂ is dimk(e∗R/e∗ RadR) where R = H(Yp̂ ) and k = EndR(e∗R/
e∗ RadR). This is also known as the multiplicity of eYp̂ in Yp̂ .
Remark. We recall the definition of a Roquette group. Let G be a p-toral compact Lie
group with an extension
1→ T →G→W → 1
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where T is a torus and W a finite p-group. Consider theQ[W ]-module π1(T )⊗Q induced
from the W -action on T . G is called a Roquette group if for every irreducible Q[W ]-
submodule V of π1(T ) ⊗ Q, V ⊗Q Qp remains an irreducible Qp[W ]-module. Since
Q[W ] is semisimple, Wedderburn’s theorem says that V is isomorphic to a matrix ring
over a division ring DV . It follows from the classical representation theory that V ⊗Q Qp
will remain an irreducible Qp[W ]-module unless DV is isomorphic to the quaternion
algebra given by Q(ζ2n)⊗Q(ζ2n)j , where ζ2n denotes a 2nth root of unity. In particular,
G is always a Roquette group if p is odd or if no subquotient of W is isomorphic to the
quaternion group of order 16.
2. Multiplicity of non-original summands in BGp̂
In this section we give a necessary and sufficient condition for a summand originating
in BHp̂ be a summand of BGp̂ . We also define a matrix whose rank is equal to its
multiplicity in BGp̂ . For our purpose we use the explicit description of all the induced
self maps on Fp-homology which was shown in [15].
Let us recall the Proposition 1.5 and Corollary 1.6 in the first section. Let G be a p-toral
compact Lie group.
Proposition 2.1. Let G be a p-toral compact Lie group. If f :G→G is surjective, then
Bf∗ /∈ T (G).
Proof. Suppose Bf∗ :H ∗(BG,Fp)→H ∗(BG,Fp) belongs to T (G). By definition, Bf∗
is a linear combination of elements of the form
H ∗(BG,Fp)
α−→H ∗
(
BG′,Fp
) β−→H ∗(BG,Fp)
where G′ is a p-toral proper subgroup of G and α, β are induced from stable maps. By
Proposition 1.5, α is a Fp-linear combination of the form
H ∗(BG,Fp)
tr′∗−→H ∗
(
BG′′∞,Fp
) Bφ∗−→H ∗(BG′,Fp)
where G′′∞ is a p-discrete toral subgroup of G∞ and φ :G′′∞ → G′ a homomorphism.
Assume α, β are induced by homomorphisms. We consider a homomorphism t :G→G′′∞
in tr′∗ which is a composition map G→ G∞ →G′′∞. A homomorphism s :G′′∞ → G in
β ◦ Bφ∗ is a composition G′′∞ →G′ ↪→G. Then s ◦ t is a corresponding homomorphism
in Bf∗, which is not surjective since G′′∞ is a p-discrete toral proper subgroup of G∞ and
G′ is a p-toral proper subgroup of G. This completes the proof. ✷
Let S˜(G) be the set of all elements in M(G) = H(BGp̂ ) which are of the form
H ∗(BG,Fp)
Bφ∗−→H ∗(BG,Fp) where φ :G→G is a surjective homomorphism. Denoted
by S(G) the image of S˜(G) in E(G). Then S(G) is a finite semigroup with an identity
element considering only its multiplicative structure. The inclusion S(G)⊂ E(G) induces
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a natural homomorphism of rings Φ :Fp[S(G)] → E(G), where we identify the zero ele-
ment in S(G) with the zero of the semigroup ring Fp[S(G)]. Then the homomorphism Φ
is surjective.
Let I˜ (G)⊆ S˜(G) denote the set of all elements which are represented by isomorphisms
H ∗(BG,Fp)
Bφ∗−→H ∗(BG,Fp)
and I (G)⊂ S(G) denote the image of I˜ (G) in E(G).
Lemma 2.2 [14, 3.8]. I˜ (G) forms a subgroup in S˜(G) and thus I (G) is a subgroup of the
semigroup S(G).
We consider the Fp-linear mapping
θ :Fp
[
S(G)
]→ Fp[I (G)]
given by θ(y)= y if y ∈ I (G) and θ(y)= 0 if y ∈ S(G)− I (G). Then it is easy to check
that θ is a ring homomorphism. We denote the kernel of θ by N (G).
The following result characterizes those surjections ψ :G→ G which induce isomor-
phisms on Fp-homology or Fp-cohomology. A homomorphism ζ :R→ S of graded com-
mutative ring is said to be finite if S is a finitely generated module over R via ζ .
Theorem 2.3 [18, 2.4]. Let π :G1 → G2 be a homomorphism of compact Lie groups.
Then π∗ :H ∗(BG2,Fp)→H ∗(BG1,Fp) is finite if and only if the kernel of π is a finite
group of order prime to p. In particular, if G1 =G2 is p-toral and π is surjective, π∗ is
isomorphism if and only if the kernel of π is a finite group of order prime to p.
Remark. Given any idempotent f ∈ Fp[S(G)], f is a sum of pairwise orthogonal
primitive idempotent. If f 	= 1, 1 − f is also a sum of pairwise orthogonal primitive
idempotent. Thus given idempotent f , there exists a primitive idempotent decomposition
of 1, 1 = e1 + · · · + en such that f = e1 + · · · + ei for some i < n. Since Fp[S(G)] is a
right artinian ring, the uniqueness of primitive idempotent decomposition by Theorem 1.7
implies that there exists a unit u ∈ Fp[S(G)] such that u−1fu is an idempotent belonging
to Fp[I (G)]. Hence applying the ring homomorphism θ :Fp[S(G)] → Fp[I (G)], every
idempotent in Fp[S(G)] is of the form v−1ev +w where v is a unit in Fp[I (G)], e is an
idempotent in Fp[I (G)] and w ∈N (G).
Let G be a compact Lie group which is not necessarily p-toral and P be a p-toral
subgroup of G. Let Y be an indecomposable summand of BGp̂ . Since BGp̂ is a stable
summand of BPp̂ , Y is a stable summand of BPp̂ . Then Y is an original summand
of BP ′p̂ some p-toral subgroup P ′ ⊂ P . If not, we can find a decreasing sequence of
p-toral subgroups of P :P ⊃ P (1) ⊃ P (2) ⊃ · · · ⊃ P (i) ⊃ · · · such that Y is a summand
of BP(i)p̂ but Y does not originate in BP(i)p̂ . This is a contradiction since the sequence
terminates at some point. Conversely, given an original summand Y of BP ′̂p where P ′ is
a p-toral subgroup of G, one can ask for a necessary and sufficient condition for Y to be a
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summand of BGp̂ and the corresponding multiplicity. This problem was solved in the case
when G is a p-Roquette compact Lie group [14]. Now we want to give a necessary and
sufficient condition for the original summand Y ofBP ′̂p to be a summand ofBGp̂ and the
corresponding multiplicity for a compact Lie group G which is not generally 2-Roquette
for the case p = 2. The papers [16,17] are also important background to understand our
results.
Lemma 2.4 [14, 5.1]. Suppose G is a compact Lie group. Let Y be an indecomposable
summand of BGp̂ , where Y originates in BQp̂ for some p-toral Q ⊂ G. Then any
idempotent e ∈ {BGp̂ ,BGp̂ } such that eBGp̂  Y has the property that e∗ is of the
form
H ∗(BG,Fp)
α−→H ∗(BQ,Fp) β−→H ∗(BG,Fp).
Proof. Suppose e ∈ {BGp̂ ,BGp̂ } is an idempotent with eBGp̂ = Y . Then there exist
maps Y i→ BGp̂ , BGp̂ π−→ Y such that π ◦ i = idY and i ◦ π = e. Since Y is also
a stable summand of BQp̂ , there exist maps Y
i′−→ BQp̂ and BQp̂ π
′−→ Y such that
π ′ ◦ i ′ = idY and i ′ ◦ π ′ is an idempotent. Now e factors as the composite
BGp̂
π−→ Y i′−→BQp̂ π
′−→ Y i−→BGp̂ . ✷
Proposition 2.5. Let G be a p-toral compact Lie group and suppose that we have an
idempotent
e=
∑
ajBφj∗ + h ∈M(G)
where aj ∈ Fp, h ∈ T (G) and each φj :G→ G is a surjective homomorphism. If e /∈
T (G), then there exists some j such that φj has kernel a finite group of order prime
to p.
Proof. By Theorem 2.3, it suffices to show that Bφj∗ ∈ I˜ (G) for some j . Suppose
Bφj∗ ∈ S˜(G) − I˜ (G) for all j . Let e¯ be the image of
∑
ajBφj∗ , aj ∈ Fp in Fp[S(G)].
Since Fp[S(G)] is finite, there exist 0 < m2 < m1 such that e¯m1 = e¯m2 in Fp[S(G)].
Then (e¯m1−m2)2 = e¯m1−m2 and e¯m1−m2 	= 0 in Fp[S(G)]. If e¯m1−m2 = 0, em1−m2 ∈ T (G).
But e is an idempotent in M(G), which yields a contradiction. Hence e¯m1−m2 is an
idempotent in Fp[S(G)]. Since Bφj∗ ∈ S˜(G)− I˜ (G) for all j , the image of Bφj∗ belongs
to S(G) − I (G) by Proposition 2.1. Thus e¯m1−m2 is an idempotent in N (G). By the
previous Remark, e¯m1−m2 = v + w for some idempotent v ∈ Fp[I (G)] and w ∈ N (G).
But Fp[I (G)] ∩N = 0. This implies v = 0. This is a contradiction. Therefore for some j ,
kernel φj is a finite group of order prime to p. ✷
We describe a matrix which will give the multiplicity of Y in BGp̂ . LetMτ (K1,K2)⊂
HomFp (H∗(BK1,Fp),H ∗(BK2,Fp)) be the set of all elements induced fromBK1p̂
tr′−→
BK ′∞p̂
Bφ−→ BK2p̂ , where K ′∞ is a p-discrete toral subgroup of K1∞ such that K1∞ =
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K1. By Corollary 1.3, Mτ (K1,K2) is finite. Let Mτ (Q,G) = {f1∗, . . . , fa∗} where
a = |Mτ (Q,G)| and Mτ (G,Q)= {g1∗, . . . , gb∗} where b = |Mτ (G,Q)|.
Assume that Y originates in BQp̂ with multiplicity n. This implies that there are maps
i :Yn = Y ∨ · · · ∨ Y i1∨···∨in−−−−−→BQp̂ and
π :BQp̂
π1∨···∨πn−−−−−−→ Y ∨ · · · ∨ Y = Yn
such that π ◦ i = idYn and 1− i ◦π factors through the spectrum in which Y is not a stable
summand.
Let R(Y,Q,G)= (Rs,t )an×bn where
Rs,t = πv∗ ◦ gβ∗ ◦ fα∗ ◦ iu∗ ∈H(Y ),
α = [ s−1
n
] + 1, β = [ t−1
n
] + 1, u ≡ smod n, u  n, v ≡ t mod n, v  n. Consider the
idempotent e= i1 ◦π1 ∈ {BQp̂ ,BQp̂ }. Since Y originates in BQp̂ , e∗ is an idempotent
in E(Q)=M(Q)/T (Q). Then we claim that e∗ induces a ring homomorphism
ψ :H(Y )→ EndE(Q)
(
e∗ E(Q)/ e∗ RadE(Q)
)
defined as follows. If h∗ ∈H(Y ), then e∗ ◦ i1∗ ◦ h∗ ◦π1∗ ◦ e∗ = i1∗ ◦ h∗ ◦π1∗ is an element
of e∗M(Q)e∗. Reduce modulo e∗T (Q)e∗, i1∗ ◦ h∗ ◦ π1∗ is an element in e∗ E(Q)e∗. Then
we have a surjective ring homomorphism φ :H(Y ) → e∗ E(Q)e∗ defined by φ(h∗) =
i1∗ ◦ h∗ ◦ π1∗. By [4], there is a ring isomorphism e∗ E(Q)e∗ ≈ EndE(Q)( e∗ E(Q))
and
EndE(Q)
(
e∗ E(Q)
)
/Rad
(
EndE(Q)
(
e∗ E(Q)
))≈ EndE(Q)(e∗ E(Q)/ e∗ RadE(Q)).
Thus this defines the surjective homomorphism ψ .
Theorem 2.6 [14]. We have isomorphisms of finite fields
{Y,Y }/Rad{Y,Y } H∗( ) H(Y )/RadH(Y )
≈
EndE(Q)( e∗ E(Q)/ e∗ RadE(Q))
In particular,H(Y ) is a local ring.
Let us recall R(Y,Q,G)an×bn-matrix with entries in H(Y ). Modulo RadH(Y ) gives a
matrix R(Y,Q,G) with entries Rs,t in the finite field k =H(Y )/RadH(Y ).
Theorem 2.7. Let G be the compact Lie group which is not necessarily p-Roquette.
Suppose Y is an original summand of BQp̂ where Q⊆G is p-toral. Then the multiplicity
of Y in BGp̂ is the rank of R(Y,Q,G) over k.
Proof. Let r be the rank of R(Y,Q,G) over k and m be the multiplicity of Y in BGp̂ .
First we show m  r . There exist subsets {γ1, . . . , γr } ⊂ {1, . . . , an} and {δ1, . . . , δr } ⊂
{1, . . . , bn} such that r × r matrix (Rγiδj ) is invertible over finite field k. This implies that
(Rγiδj ) is invertible overH(Y ), since the radical of a matrix algebra over a finite ring is the
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matrix algebra over the radical of the ring [12] and the latter will be nilpotent. This implies
that the identity map can be factored as a composite
r⊕
1
H ∗(Y,Fp)
h1−→
r⊕
1
H ∗(Y,Fp)
(Rγi δj )−−−−→
r⊕
1
H ∗(Y,Fp)
for some h1 induced from a stable self map of Y r . Each (Rγiδj ) factors through H∗(BG)
and this can be rewritten as
id :
r⊕
1
H ∗(Y,Fp)
h1−→
r⊕
1
H ∗(Y,Fp)→H ∗(BG,Fp)→
r⊕
1
H ∗(Y,Fp).
Hence the multiplicity of Y in BGp̂ is at least r . Now we show r  m. Since the
multiplicity of Y in BGp̂ is m, there exist m pairwise orthogonal idempotents e1, . . . , em
such that eiBGp̂ ∼= Y . This implies that e = e1 + · · · + em is an idempotent with
eBGp̂ ∼= Ym. Applying Lemma 2.4 to each ei∗ implies that e∗ is a Fp-linear combination
of maps of the form
H ∗(BG,Fp)
α−→H ∗(BQ,Fp) β−→H ∗(BG,Fp).
By Proposition 1.5, e∗ is a Fp-linear combination of maps of the form
H ∗(BG,Fp)
tr′∗−→ H ∗(BQ′∞,Fp)
Bφ∗−→H ∗(BQ,Fp)
tr′′∗−→ H ∗(BQ′′∞,Fp)
Bψ∗−→H ∗(BG,Fp)
where Q′∞ ↪→G∞, Q′′∞ ↪→Q∞ are p-discrete toral subgroups, G∞→G, Q∞→Q are
p-discrete approximations and φ :Q′∞ → Q, ψ :Q′′∞ → G are homomorphisms. Hence
we have maps
h2 :
a∨
1
BQp̂ ∨ · · · ∨
a∨
1
BQp̂
︸ ︷︷ ︸
b
∨a
1 fi∨···∨
∨a
1 fi−−−−−−−−−−→BGp̂
and
h3 :BGp̂
∨a
1 ci,1g1∨···∨
∨a
1 ci,bgb−−−−−−−−−−−−−−→
a∨
1
BQp̂ ∨ · · · ∨
a∨
1
BQp̂
︸ ︷︷ ︸
b
where ci,j ∈ Fp so that h2∗ ◦ h3∗ = e∗.
Let Ym  eBGp̂ i
′−→ BGp̂ , BGp̂ π
′−→ eBGp̂  Ym be maps such that i ′ ◦ π ′ = e
and π ′ ◦ i ′ = id. Now we observe that the composite
Γ : eBGp̂
i′−→ BGp̂ h3−→
ab∨
1
BQp̂
h2−→ BGp̂
h3−→
ab∨
1
BQp̂
h2−→BGp̂ π
′−→ eBGp̂
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is an equivalence since e∗ = h2∗ ◦h3∗ is an idempotent. But this implies that the composite
Γ ′ : eBGp̂
h3◦i′−−−→
ab∨
1
BQp̂
∨ab
1 i◦π−−−−−→
ab∨
1
BQp̂
h2−→BGp̂
h3−→
ab∨
1
BQp̂
∨ab
1 i◦π−−−−−→
ab∨
1
BQp̂
h2−→BGp̂ π
′−→ eBGp̂
is also an equivalence since H∗(Γ )−H∗(Γ ′) belongs to the radical of the m×m matrix
algebra overH(Y ) after identifying eBGp̂ with Ym. We rewrite Γ ′ as the composite
Γ ′ : eBGp̂ →
ab∨
1
Yn
∨ab
1 i−−−→
ab∨
1
BQp̂
h3◦h2−−−−→
ab∨
1
BQp̂
∨ab
1 π−−−−→
ab∨
1
Yn→ eBGp̂ .
We consider the corresponding abn × abn matrix R̂(Y,Q,G) with entries in H(Y )
associated with the map (
∨ab
1 π) ◦ h3 ◦ h2 ◦ (
∨ab
1 i). The reduction of R̂(Y,Q,G) over
RadH(Y ) is a matrix whose rank overH(Y )/RadH(Y ) is at most r since the entries (R̂ij )
of R̂(Y,Q,G) satisfy the periodicity R̂ij = R̂i+an,j and the columns of the submatrix of
R̂(Y,Q,G) consisting of the first na rows is a Fp-linear combination of the columns of
the matrix R(Y,Q,G). Therefore m r . This completes the proof. ✷
Let A(Q,G) be the set of homomorphism ψ :Q → G such that there exists a
homomorphism φ : Imψ→Q where φ ◦ψ is surjective with kernel a finite group of order
prime to p. Let B(G,Q) be the set of homomorphism λ :Q′∞ →Q where Q ′∞ =Q′ ↪→G
is p-toral such that there exists a homomorphism µ :Q→Q′∞ so that λ ◦ µ is surjective
with kernel a finite group of order prime to p. Let M′τ (Q,G) ⊂Mτ (Q,G) be the
subset of elements of the form Bψ∗ with ψ ∈ A(Q,G). Let M′′τ (G,Q)⊂Mτ (G,Q) be
the subset of elements of the form Bλ∗ ◦ tr′∗ where λ ∈ B(G,Q). If |M′τ (Q,G)| = a′
and |M′′τ (G,Q)| = b′, then we can consider the corresponding a′n × b′n submatrix
R
′
(Y,Q,G) of R(Y,Q,G) with entries in k =H(Y )/RadH(Y ) .
Theorem 2.8. rankkR(Y,Q,G)= rankkR ′(Y,Q,G).
Proof. Let s, t be such that (i − 1)n + 1  s  in, (j − 1)n + 1  t  jn. It suffices
to show that if Rs,t 	= 0 then fi∗ ∈M′τ (Q,G) and gj∗ ∈M′′τ (G,Q). Since Y is an
original summand BQp̂ , fi∗ is necessarily induced from a homomorphism ψ :Q→G.
Furthermore there exists a homomorphism Q′∞
λ→ Q with Q ′∞ = Q′ ⊆ G is p-toral
subgroup such that
H ∗(Y,Fp)
iα∗−→ H ∗(BQ,Fp) Bψ∗−→H ∗(BG,Fp)
tr′∗−→ H ∗
(
BQ′∞,Fp
) Bλ∗−→H ∗(BQ,Fp) πβ∗−→H ∗(Y,Fp)
is an isomorphism for some α and β since H(Y ) is a local ring. Therefore the element
iα ◦h ◦πβ ◦Bλ ◦ tr′ ◦Bψ = e is an idempotent in {BQp̂ ,BQp̂ } with eBQp̂  Y where
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h is a stable homotopy inverse for πβ ◦Bλ◦ tr′ ◦Bψ ◦ iα. Using the double coset formula for
Bimψp̂ →BQp̂ tr
′−→ BQ′∞p̂ and the fact that transfer maps commute with surjections,
e∗ can be expressed by
∑
cσBφσ∗ ◦Bψ∗+z, cσ ∈ Fp , z ∈ T (Q), φσ : Imψ →Q such that
φσ ◦ψ is surjective. By Proposition 2.5, there exists some σ where the kernel of φσ ◦ψ is
a finite group of order prime to p. This implies fi∗ ∈M′τ (Q,G).
Similarly, suppose gj∗ = Bλ∗ ◦ tr′∗ where λ :Q′∞ →Q, BGp̂ tr
′−→ BQ∞p̂ . Then there
exists a homomorphismψ :Q→G such that πβ ′∗ ◦Bλ∗◦ tr′∗ ◦Bψ∗◦iα′∗ is an isomorphism.
ThusBλ◦ tr′ ◦Bψ ◦ iα′ ◦h′ ◦πβ ′ = e′ is an idempotent in {BQp̂ ,BQp̂ } with e′BQp̂  Y
where h′ is the stable homotopy inverse for πβ ′ ◦ Bλ ◦ tr′ ◦ Bψ ◦ iα′ . Now e′∗ can be
expressed in the form
∑
c′σBλ∗ ◦ Bµσ∗ + z′, where c′σ ∈ Fp, z′ ∈ T (Q), µσ :Q→Q′∞
so that each λ ◦µσ is surjective. By Proposition 2.5, again gj∗ ∈M′′τ (G,Q). ✷
Lemma 2.9 [20]. Suppose S is a right artinian ring with w,e ∈ S where e is a primitive
idempotent. Then (eS/eRadS)w 	= 0 if and only if e= awb for some a, b ∈ S.
Proposition 2.10. Suppose Y originates in BQp̂ for some p-toral Q⊂G with eBQp̂ 
Y . Then Y is a summand of BGp̂ if and only if there exist ψ ∈A(Q,G) and λ ∈B(G,Q)
such that ( e∗ E(Q)/ e∗ RadE(Q))(Bλ∗ ◦ tr′∗ ◦Bψ∗) 	= 0.
Proof. Suppose Y is a summand of BGp̂ , then by Theorem 2.8, there exist ψ ∈A(Q,G)
and λ ∈B(G,Q) such that the composite
H∗(Y,Fp)
iu∗−→ H∗(BQ,Fp) Bψ∗−→H∗(BG,Fp)
tr′∗−→ H∗
(
BQ′∞,Fp
) Bλ∗−→H∗(BQ,Fp) πv∗−→H∗(Y,Fp)
is an isomorphism. Therefore there exists an idempotent f ∈ {BQp̂ ,BQp̂ } with
fBQp̂  Y and f∗ = h∗ ◦ (Bλ∗ ◦ tr′∗ ◦Bψ∗)
for some h∗ ∈M(Q). Thus
f∗ = h∗ ◦ (Bλ∗ ◦ tr′∗ ◦Bψ∗) ∈ E(Q)=M(Q)/T (Q)
and by Lemma 2.9,
(
f∗ E(Q)/f∗ RadE(Q)
)
(Bλ∗ ◦ tr′∗ ◦Bψ∗) 	= 0.
Theorem 1.8 implies that f∗ is a conjugate of e∗ in M(Q). Thus(
e∗ E(Q)/ e∗ RadE(Q)
)
(Bλ∗ ◦ tr′∗ ◦Bψ∗) 	= 0.
Suppose a¯ ◦ (Bλ∗ ◦ tr′∗ ◦Bψ∗) ◦ b¯ = e∗ in E(Q). Let a, b ∈M(Q) be the images of a¯,
b¯. Let z= a ◦Bλ∗ ◦ tr′∗ ◦Bψ∗ ◦ b ◦ e∗ ∈M(Q). That is,
z :H∗(BQ,Fp)
e∗−→ H∗(BQ,Fp) b−→H∗(BQ,Fp) Bψ∗−→H∗(BG,Fp)
tr′∗−→ H∗
(
BQ′∞,Fp
) Bλ∗−→H∗(BQ,Fp) a→H∗(BQ,Fp).
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Now e∗ 	= 0 in E(Q), hence zN ◦ zN = zN for some N . We consider the composite
γ :H∗(eBQ,Fp)
i∗−→H∗(BQ,Fp) z→H∗(BQ,Fp) π∗−→H∗(eBQ,Fp)
where π∗ ◦ i∗ = id∗ and i∗ ◦ π∗ = e∗. If γ is not an isomorphism, then γ ∈ RadH(Y ) =
RadH(eBQp̂ ) since eBQp̂ is indecomposable and H(eBQp̂ ) is a local ring by
Theorem 2.6. This implies that γ is nilpotent, since H(eBQp̂ ) is artinian. But this is a
contradiction since
a ◦Bλ∗ ◦ tr′∗ ◦Bψ∗ ◦ b ◦ i∗ ◦ γN ◦ π∗
= a ◦Bλ∗ ◦ tr′∗ ◦Bψ∗ ◦ b ◦ i∗ ◦ (π∗ ◦ z ◦ i∗) · · · (π∗ ◦ z ◦ i∗) ◦ π∗
= a ◦Bλ∗ ◦ tr′∗ ◦Bψ∗ ◦ b ◦ e∗ ◦ z ◦ e∗ ◦ z ◦ e∗ ◦ · · · ◦ e∗ ◦ z ◦ e∗
= z ◦ ze∗ ◦ ze∗ ◦ · · · ◦ ze∗, but ze∗ = z
= zN+1.
Thus γ is an isomorphism and Y is a summand of BGp̂ since z factors through
H∗(BG,Fp). ✷
References
[1] S. Bauer, On the Segal conjecture for compact Lie groups, J. Reine Angew. Math. 400 (1989)
134–145.
[2] A.K. Bousfield, D.K. Kan, Homotopy Limits, Completions and Localizations, in: Lecture Notes
in Math., Vol. 304, Springer, Berlin, 1972.
[3] D. Benson, M. Feshbach, Stable splittings of classifying spaces of finite groups, Topology 31
(1992) 157–176.
[4] G.E. Bredon, Introduction to Compact Transformation Groups, Academic Press, New York,
1972.
[5] C. Curtis, I. Reiner, Methods of Representation Theory, Vol. 1, Wiley, New York, 1981.
[6] T. tom Dieck, Transformation Groups and Representation Theory, in: Lecture Notes in Math.,
Vol. 766, Springer, Berlin, 1979.
[7] T. tom Dieck, Transformation Groups, de Gruyter, Berlin, 1987.
[8] L. Dornhoff, Group Representation Theory, Dekker, New York, 1972.
[9] W.G. Dwyer, C.W. Wilkerson, Homotopy fixed point methods for Lie groups and finite loop
spaces, Ann. of Math 139 (2) (1994) 395–442.
[10] M. Feshbach, The Segal conjecture for compact Lie groups, Topology 26 (1987) 1–20.
[11] H.-W. Henn, Finiteness properties of injective resolutions of certain unstable modules over the
Steenrod algebra and applications, Math. Ann. 291 (1991) 191–203.
[12] I. Herstein, Noncommutative Rings, in: MAA Carus Math. Monographs, Vol. 15, Wiley, New
York, 1968.
[13] P. Landrock, Finite Group Algebras and Their Modules, in: London Math. Soc. Lecture Note
Ser., Vol. 84, Cambridge Univ. Press, Cambridge, 1983.
[14] C.N. Lee, Stable splittings of classifying spaces of compact Lie groups, Math. Z. 226 (1997)
25–50.
[15] H.S. Lee, Induced maps in homology for p-toral compact Lie groups, Topology Appl. 87 (1998)
189–197.
[16] J. Martino, S. Priddy, The complete stable splitting for the classifying space of a finite group,
Topology 31 (1) (1992) 143–156.
H.-S. Lee / Topology and its Applications 125 (2002) 73–85 85
[17] J. Martino, S. Priddy, A classification of the stable type of BG∧p for compact Lie groups,
Topology 38 (1) (1999) 1–21.
[18] D. Quillen, The spectrum of an equivariant cohomology ring: I, Ann. of Math. 94 (1971) 549–
572.
[19] J. May, V. Snaith, P. Zelewiski, A further generalization of the Segal conjecture, Quart. J.
Math. 40 (1989) 457–473.
[20] N. Minami, The relative Burnside ring and the stable maps between classifying spaces of
compact Lie groups, Trans. Amer. Math. Soc. 347 (2) (1995) 461–498.
[21] S. Priddy, On characterizing summands in the classifying space of a group II, in: Homotopy
Theory and Related Topics, in: Lecture Notes in Math., Vol. 1418, Springer, New York, 1990,
pp. 175–183.
